We give sufficient conditions on the initial data so that a semilinear wave inequality blows-up in finite time. Our method is based on the study of an associated second order differential inequality. The same method is applied to some semilinear systems of mixed type.
Introduction
Let Ω a bounded regular 1 domain of R N . Denote by H = L 2 (Ω) with norm and inner product denoted respectively by | · | and (·, ·). Let V be a real Hilbert space that is continuously imbedded into H, V ֒→ H, and dense in H. Denote by · and < ·, · > V respectively the norm and the inner product of V and by L ∈ L(V, V * ) the unique linear continuous operator from V to V * , the dual of V , satisfying
Moreover we assume that the operator L admits an eigenvalue λ (that we assume positive without loss of generality) and an associated eigenfunction ϕ ∈ V that is positive on Ω.
Consider the semilinear evolution second order partial differential inequality    u ′′ + Lu ≥ g(u ′ ) in D * ((0, T ) × Ω), u(0, x) = u 0 (x) on Ω u t (0, x) = u 1 (x) on Ω,
on the phase space (u 0 , u 1 ) ∈ V × H. The model equation is V = H 1 0 (Ω), L = −∆, and the problem (1) is a semilinear wave equation with Dirichlet boundary condition, see the book of S. Alinhac [1] for a short view on semilinear hyperbolic problems and the question of blow-up. The case of equation with g(x) = −x|x| r is a dissipative semilinear wave equation that has been extensively studied in the literature, in particular the existence of global solutions as well as the decay estimates. See for instance [5, 4, 9, 15] . The case of equation with g(x) = x|x| r is more complicated, even a local existence-uniqueness of a local solution is only guaranteed for small r and smoother initial data. See for instance [5, 7] for equations with nonlinearities on u and u t . In [8] , A. Haraux showed that this problem (with g(x) = x|x| x ) has no nontrivial global and bounded solutions ([8, Proposition 1.2]). Moreover, he construct a blowing-up solutions with arbitrarily small initial data ([8, Proposition 1.4 and Corollary 1.5]). See also the work of H. Levin, S. R. Park and J. Serrin and the references therein ( [10] ) who studied the long-time behavior of solutions for equations with f (u)−Q(u t ) in the second member and Ω = R N . In this paper we consider the problem (1) with g positive convex function C 1 (R, R + ) satisfying some growth condition
where C > 0 is a constant and q > 1 if the dimension N = 1 or 2 or
We provide sufficient conditions on the initial data (u 0 , u 1 ) so that the solution of the problem (1) blows-up in finite time. Our method is based on the study of some associated second order ordinary differential inequality (ODI) which is done by means of invariant regions. This is the purpose of the second section. In the third section we apply this to the semilinear wave equation (1) . In the fourth section we apply our result to semilinear wave systems of the form:
by some extension of the result of section 2 to an associated system of second order ordinary differential inequalities. In the last section we obtain similar results for systems of mixed type: hyperbolic-elliptic and hyperbolicparabolic systems (see for instance [11] the work of Pohozaev and Véron).
2 Finite time blow-up for a second order ordinary differential inequality
Consider the ODI:
where a, b are positive constants. Notice that in [2, 14] one can find a complete study of the equation: u ′′ + a|u| p−1 u = b|u ′ | q−1 u ′ where a, b > 0 and p, q > 1. In [12, 13] , Ph. Souplet proved the existence of some global solutions to equation (4) , this justify the need of supplementary conditions.
Concerning the ODI (4) we distinguish two cases:
Then all solutions of (4) blow-up in finite time. Moreover,
The proof of the proposition is based on the idea that the inequality
. We look then for invariant regions under the ODI (4) in order to obtain av p ≤ bεv ′q .
Proof of Proposition 1. We show first that the region D defined by (5) is invariant under (4) . Denote by F the function defined over R by
Let v a solution of (4) satisfying (5) . Setting x = v and y = v t , then (4) is transformed into the dynamical system:
In order to prove that the region D is invariant we will show that the vector field defining the dynamical system is "entering" along the curve y = F (x). This is clear on the semi-axis (y ′ O) and on the other segment. On the arc
Now on the arc x 1 < x < 0 we have
Therefore for all t > 0 we have
Integrating we get (6).
The following proposition gives a similar result for the case q > 2. we discuss later the difference between the corresponding invariant regions in these two cases.
where ε ∈ (0, 1) is a constant satisfying:
Proof. First note that, using (8) and taking
there exists at least a ε ∈ (0, 1) satisfying f (ε) > 0.
q . Since y ′ remains positive, as long as (x, y) belongs to D ′ , then for all t > 0, (y(t)) q−2 ≥ a εbqA . Following the same arguments as in the last proposition, we have, along the curve y = F 2 (x), 
Remark 2 The same method works for the differential inequality
where p ≤ 1.
3 Blow-up criteria for a semilinear wave inequality
In this section we assume that we have a Sobolev injection type theorem:
on Ω,
where g is a positive convex function C 1 (R, R + ) satisfying the growth condition (2), q > 1 if the dimension N = 1 or 2 or 1 < q ≤ N +2 N −2 if N ≥ 3 and (u 0 , u 1 ) ∈ V × H. Indeed, local existence is guaranteed under hypothesis of this type both on the power q and the smoothness of the initial data, see for instance [6, 8] . Under such hypothesis, local existence can be easily obtained by classical fixed point argument and abstract semi-group theory.
Let λ the first positive eigenvalue of the operator L on H, and ϕ a nonnegative associated eigenfunction satisfying Ω ϕ = 1. Denote also by v i := Ω u i ϕ, i = 0, 1. As for the ODIs, we distinguish 2 cases depending on the value of q.
Theorem 1 Let
where α := 
Proof. Set v(t) := Ω u(t)ϕ dx. By the elliptic regularity theory ϕ ∈ V and then v is twice differentiable with v ′ = u t ϕ and v ′′ =< u tt , ϕ > V * ,V that we write also as Ω u tt ϕ dx.
Multiply the equation (11) by ϕ ≥ 0 and then integrate over Ω, we get after integrating by parts
where we used Jensen's lemma. Using Propositions 1 and 2 we deduce that v blows-up before the time T * and
Remark 3 According to remark 2, the same method could be generalized to inequalities of the form (p ≤ 1)
u tt − ∆u p ≥ g(u t ).
Application to systems of semilinear wave inequalities
In this section we show how to extend the same method to the following system
where (u 0 , u 1 ) and (v 0 , v 1 ) are in V × H and the powers p and q are greater than 1 if the dimension N = 1 or 2 or in 1,
For simplicity we chose a simple form of the non linearity, although a general form is possible. For this, we introduce the following system of ODI:
The method of Section 2 could be easily extended to the previous system as follows:
Then every solution (U, V ) of (4) blows-up in finite time. Moreover we have
Proof. Setting x = U, y = V ′ , z = V and t = U ′ , then the system () is transformed into the 4-d dynamical system
Set α := 1+ 
In order to show that (x, y, z, t) could not exit the domain D 1 × D 2 let's examine the vector field along the boundary. On [t = f q (z)] we have
A similar calculation holds for the other boundary. Finally, setting β := α−1 α , we have:
Adding these two equations, using the fact that U ′ ≥ 1 and V ′ ≥ 1 for all t > 0, we get:
where W := U + V . Integrating we obtain:
In order to apply the last result to the system (12), denote by U i := Ω u i ϕ and g i := Ω v i ϕ , i = 0, 1. Using the same method as in the proof of Theorem 1 and applying the Proposition 3 we get directly:
Then every solution of (12) blows-up in finite time. Moreover, we have
Application to systems of mixed types
In this section we show how to apply the result of section 3 to some hyperbolicelliptic and hyperbolic-parabolic systems.
Hyperbolic-elliptic system
Consider the following system
where q > 1.
and if q > 2
,
Proof. Denote by U := Ω uϕ dx and V := Ω vϕ dx. Differentiate the second equation of (17), multiply by ϕ, then integrate over Ω we get
Multiplying the first equation of (17) by ϕ and then integrate over Ω we get after using (18)
We conclude applying Proposition 1 and 2 with a = λ and b = λ −q .
Hyperbolic-parabolic system
where q > 1, m ≥ 1 ≥ p and β ∈ R.
and if q > 2 0 < U 1 , qU
where α = 
Then every solution of (19) blows-up in finite time
T max ≤ T * := U Proof. Denote by U := Ω uϕ dx and V := Ω vϕ dx. Multiplying the second equation of (19) by ϕ and then integrating over Ω we get after using Jensen's lemma
By the hypothesis on β and using the diffusion property, U ′ ≤ V ′ . Set T := max 0 ≤ t < T max s.t. U ′ (s) ≥ 0 ∀s ∈ [0, t] .
Since U 1 > 0, T > 0. For all t ∈ [0, T ) we have 0 ≤ U ′ ≤ V ′ hence 0 ≤ U ′q ≤ V ′q . Multiplying the first equation of (19) by ϕ then integrating over Ω then we get
for all t ∈ [0, T ). In order to apply Propositions 1 and 2 we need to prove that T is large enough. Indeed, by the hypothesis (20), (U, U ′ ) remains in the invariant region defined by (20) (see the proof of Propositions 1 and 2). Thus U ′ (t) > 0 for all t and we obtain the result by applying Propositions 1 and 2 since (23) holds true for all t.
